Some Data on Reinsurance
The reinsurance market is highly integrated at the global level and essentially overthe-counter. Related economic information is therefore hard to collect and relatively rare.
National data consolidation poses several problems:
-because of widely differing counting rules, figures cannot be readily compared and aggregated; -group consolidation problems: a subsidiary cannot be accounted for both in its country of origin and in its parent company's books; -numerous groups have international reinsurance programs, an entity first accepting risks internally, then retroceding them. It may be difficult to avoid accounting for these operations twice when in fact there is only one risk transfer.
Here, we rely on a study conducted by the Swiss Reinsurance Company on 2011 activities and published in "The essential guide to reinsurance". 1 The main features of the reinsurance market can be summarized as follows.
Cession Rates
In 2011, the premiums ceded by primary insurers amounted to 223 billion US$, of which 170 billion in non-life and 53 billion in life assurance.
These global cessions are broken down by geographic zones as follows in Table 2.1. Remark that the highest cessions can be found in North America. This can be explained, on one hand, by the huge size of the company insurance market there, and, on the other hand, by the fact that North America is heavily exposed to natural catastrophes and liability risks.
Reinsurance Supply
The reinsurance industry has always been much more concentrated than that of direct insurance. This trend has accelerated since the beginning of the 90s. Today, there are about 200 companies offering reinsurance. The top ten non-life reinsurers by premium volume account for about half of the global premium volume, whereas the ten biggest life reinsurers account for about two thirds of the market. Tables 2.2 and 2.3 give the situation of market shares of reinsurers in 2011.
Historically, Germany, the US and Switzerland are the three most important domiciles for reinsurance companies. However, Lloyds of the London market is also a key player and an important supply has been developed in Bermuda during the last 25 years. Initially, monoline companies, specialized in natural disasters, were established there for tax and prudential purposes. A number of them are becoming general reinsurers with significant business activities.
More precisely, market shares of the 10 world's biggest reinsurers in 2011 can be found in Table 2 .3. 
Methods of Reinsurance
The three methods of reinsurance are facultative reinsurance, facultative-obligatory (open-cover) reinsurance, as well as obligatory reinsurance. These labels characterize the rights and duties of the contracting parties. Facultative reinsurance is historically the first form of cover. The object of the treaty is a given risk, already analyzed by the insurer who forwards his analysis to potential reinsurers. The cedant proposes a cover for this risk which can be accepted in totality or in part by one or many reinsurers of the marketplace.
Facultative-obligatory reinsurance breaks this symmetry between the freedom to cede and to accept to the detriment of the reinsurer. Its purpose is the risk cover of a category or a sub-category during a given period. Whenever the insurer is confronted to a claim falling within the scope of the treaty, he chooses to cede part of it to the reinsurer thus bound or not to do so. In this sense, for him the treaty remains optional. On the contrary the reinsurer is obliged to accept the cessions decided by his cedant. The treaty is in this sense obligatory for him.
Obligatory reinsurance restores symmetry between the contracting parties. It is the most used form of reinsurance, and so the term "obligatory" is often dropped for these treaties. During such operations, the cedant agrees to cede according to given procedures all or part of the risks falling in a given category or sub-category during a given period, very often equal to an accounting period. The reinsurer is obliged to accept all the cessions that are proposed to him under these conditions.
Kinds of Reinsurance
Though the reinsurance treaty comes under general contract law and is therefore poorly regulated, market practices confine reinsurance within a customary and fairly strict framework making a systematic classification of treaties possible. The main difference is between so-called "proportional" reinsurance and "non-proportional" reinsurance.
Before going into technical details about the various mechanisms, we list the clauses common to all reinsurance treaties, whatever be their nature.
Definition of Risks
Similarly to an insurance contract, a reinsurance treaty must first clearly define the risks whose occurrence could trigger payments from the reinsurer.
The direct insurance portfolio involved needs to be defined as follows:
-The technical nature of risks covered (e.g.: civil liability, vehicle, fire, hale, . . . ) -The geographic location of the risks covered (e.g.: the whole world, mainland France, . . . ) -The coverage period (often a calendar year, sometimes several). This point is especially crucial. For some claims, for example concerning professional civil liability, the dates of occurrence of the events giving rise to them and of the insured's claim declaration may be very far apart. It is, for example, the case for claims deriving from illnesses provoked by asbestos. If the treaty is on a claims made basis, the claims declared during the period of cover fall within the scope of the treaty. If the treaty functions on an occurrence basis, the claims that have occurred during the period of cover are covered by the treaty. Though the purpose of this book is to present the technical aspects of reinsurance, it should be stressed that the legal definition of the scope of the treaty requires special attention. This definition must be consistent with the reinsured insurance contract clauses in order to guard the ceding company against "coverage holes".
Reinsurer's Information For a newcomer in reinsurance, the contrast between the importance of the financial amounts at stake in a reinsurance treaty and the relatively little amount of information that ceding companies provide their reinsurers, and which is rarely audited, is striking. Reinsurers pay significant amounts on the basis of sometimes brief claims reporting sheets. Observers emphasize that mutual trust between parties is an essential element in reinsurance. In fact, this "trust" is mainly sustained by the restricted feature of reinsurance supply. Few actors offer such coverage. A ceding company's inappropriate behaviour towards one of them would be quickly publicized in the market and would make it hard to renew treaties at the following maturity date. In such an event, the cedant's management would encounter problems, making future career paths difficult. Though of relatively little importance in general, the cedant's obligations regarding information for reinsurers are precisely stated in the treaties. For new portfolios, either rapidly evolving or consisting of major risks, the composition of the portfolio must be provided to the reinsurer. This is however not the case for the "traditional" guarantees of private individuals (vehicle, damages to property). Claims, either their total costs, or only the most significant among them (whose estimation in practice exceeds a certain threshold) must be periodically declared to the reinsurers, in general monthly or quarterly.
Payment Procedures
The cedant receives premiums and pays out claim amounts daily during the accounting period. Replicating these cash flows in real time for the ceded part would generate tremendous management costs. In order to arbitrate between these management costs and the equilibrium of the treaty regarding the movement of funds, the frequency of premium payments and ceded claims is fixed in the treaty. It is also in general monthly or quarterly.
Commitment Guarantee
In several branches, the delay between filing a claim and its final settlement by the cedant is about 2 to 3 years. For the biggest claims, which are in general the most reinsured, this delay can even be much longer. During this time, the cedant has a receivable with the reinsurer, equal to the probable ceded amount taking into account the evaluation that can be made of the claim. The cedant remaining liable for the totality of the claim to the insured, treaties in general provide the procedures whereby the reinsurers guarantee their commitments so that the solvency of the cedant does not directly depend on that of the reinsurers. In France, they are of three types:
1. The reinsurer can make a "cash deposit", in practice this means providing the cedant a loan whose reimbursement is contingent on the settlement of its liabilities towards the insured. 2. He can also pledge securities (in general high rate obligations) in favour of the insured. 3. Finally, he can provide a bank guarantee.
Dispute Resolutions Like all commercial contracts, the reinsurance treaty states the procedures for settling the disputes that may occur: the procedure for appointing arbitrators for the arbitration phase, the jurisdiction if they need to be brought before the courts. Conflicts between national laws must be taken account of very carefully during the review of these clauses since reinsurance treaties often involve companies of several nationalities.
Audit Most treaties lay down how reinsurers can conduct audits in the cedant's premises. These clauses are rarely used in practice. It happens that reinsurers intervene directly in the management of a claim and in this case, have access to the full information in the hands of the cedant. However, most of the time, the cedant fully consents to this as it wishes to benefit from the reinsurers' expertise regarding the management of exceptional events.
Profit Sharing Reinsurance treaties very often provide a clause giving the cedant a share in the reinsurers' profits. Under its most basic form, a certain percentage of the final result of the treaty is to be retroceded to the cedant if the balance is positive. This clause is in general multi-year and provides an unlimited carry forward of losses. An experience account aggregates the results, both positive and negative, of preceding accounting periods and the positive results first nullify past losses before the possible residual profit is returned to the cedant.
Another form of profit sharing sometimes prevalent in non-proportional reinsurance is the "no claims bonus". A fixed sum is returned to the ceding company if no event generating a payment from the reinsurer has affected the treaty.
These clauses are common to all treaties, whatever their nature. The details of the conditions under which the reinsurer intervenes determine their nature.
To describe the mechanisms of the main reinsurance treaties, we consider a direct insurance portfolio consisting of n risks. For each risk in {1, . . . , n}, P i is the insurance premium, S i the annual total claim amount. We decompose S i in the following classic manner:
where N i is the annual number of claims related to the risk i and (Y ij ) 1≤j ≤N i their claim sizes.
Finally set
to be the annual total claim amount and the total premium.
Proportional Reinsurance
Proportional reinsurances treaties are so named because they are constructed in order that Ceded Premiums Gross Premiums = Ceded Claims Gross Claims .
The ceded premium and claim rates are equal. The two kinds of proportional treaties are the quota-share treaty and the surplus treaty.
(i) Quota-Share
This is the simplest reinsurance treaty. The reinsurer cedes a percentage (1 − a) of his premiums as well as of his gross claims. (1 − a) is the cession rate, and a the retention rate (see Table 2 .4).
An advantage of this treaty is the ease with which it can be implemented and handled.
With a quota-share, the cedant and the reinsurer have exactly the same ratio S P . This property is double-edged.
• Problems of moral hazards are alleviated: insurer and reinsurer have perfectly congruent interests and the fact of being covered should not encourage the cedant to adopt a behaviour detrimental to the reinsurer if his retention rate is sufficient. 
• This similarity of outcome is not in general the most efficient way to reduce the volatility of the net portfolio. The treaties given subsequently break this symmetry by leaving in general the most "risky" part of the claims to the reinsurer.
Reinsurance Commission
As it stands, such a treaty would not be fair. Indeed, the insurer remains in charge of the commercial development and the management of the entire portfolio, including the ceded part. His acquisition and management expenses, for which he remains alone liable, are theoretically covered by pure premium loading. Management is simple and very light for the reinsurer. It is therefore unfair that he should collect the total loading on ceded premiums. The reinsurance commission corrects this drawback. The reinsurer compensates the cedant for his management by retroceding to it a percentage c of the ceded premiums, called the commission rate. Setting g to be the rate of management expenses of the cedant, net of financial products, the net result of the insurer equals with respect to the gross premium:
Thus,
• if the commission rate is equal to the cedant's rate of expenses, the treaty is integrally proportional:
Ceded Premiums Gross Premiums = Ceded Claims Gross Claims = Net Result Gross Result .
• if it is lower, the insurer cedes more profit than he cedes business activities, • if it is higher, by reinsuring, the insurer increases his commercial profitability (result/net activity).
In practice, in order to encourage the insurer to improve his claim experience, it is not unusual for the contractual commission rate to be a decreasing function of the gross ratio S P . This smooths out the reinsurer's result. Even though quota-share treaties have lost ground to the benefit of nonproportional reinsurance in the last decades, they are still widely used to finance the launching of new branches of business activities. In this case, the agreement is 
a multi-year one and in general lasts 3 to 8 years. The cession rate and the commission rate decrease sharply in time. The high initial cession rate lowers the initial regulatory capital requirements of the ceding company. The initially very high rate of commission resembles in fact to funding by the reinsurer, who, in the first few years, accepts a very negative reinsurance balance, compensated by an improvement of the claim record and a commission lower than management expenses once the portfolio reaches its "cruising speed".
When they intervene in such "funding" quota-shares, reinsurers are actually like insurance "venture capitalists" supplying the initial specialized funding of innovative projects and gradually disengaging.
(ii) The Surplus Treaty
Surplus treaties apply to categories for which the insured value is defined without any ambiguity (fire, theft, deaths). It is essentially a quota-share whose cession rate is not known when the treaty is signed but is calculated on a risk-by-risk basis once business is underwritten. The precise mechanism is as follows.
For each risk i, the insurer and the reinsurer agree on the maximum gross value that the insurer can guarantee. It is the underwriting limit K i . They also fix the retention limit C i , or the maximum net value, which the cedant therefore remains liable for after reinsurance.
If the actual value of the insured risk is R i , the treaty applies to i as an individual quota-share whose cession rate 1 − a i is given by:
Once these cession rates are determined, the treaty operates as a quota-share for each policy (see Table 2 .5).
In practice, the underwriting limit is given as multiples of the surplus retention (which is then unequivocally called "the limit").
Risks whose insured value exceeds the underwriting limit do not fall within the scope of the treaty.
Example Suppose that a cedant's limit is 1 million euros and that it is covered by a surplus of up to 5 limits. Depending on the amount of risk, the premium and claim cession rates are then as follows in Table 2 .6. The advantage of the surplus over the quota-share is that it allows us to model the retention's risk profile with greater precision: the higher the cedant's risks, the more it cedes.
This type of treaty is however relatively little used, except for portfolios of very reduced sizes because it entails a more significant administrative management than in the quota-share case. Indeed, cession rates, hence premiums and ceded claims are determined on a policy-by-policy basis, which is unreasonably complex unless the number of risks is very small. Non-proportional reinsurance allows us to reach this profile of cessions more efficiently and with a far lighter administrative setup.
Non-proportional Reinsurance
As the name suggests, non-proportional reinsurance includes all the treaties which by their construction do not satisfy the property of similarity between the rates of ceded premiums and ceded claims. Before describing the main treaties, it is useful to take a closer look at the notion of event, central in non-proportional reinsurance.
The Notion of Event
Contrary to the prevailing situation in proportional reinsurance, an essential prerequisite in non-proportional reinsurance is the rigorous definition of the events that trigger the reinsurer's payments. The notion of event is central to this definition. For example, in the case of the storm guarantee, an event is the union of claims due to winds of unusual intensity incurred by the insurer in a given geographical zone during a given period, in general seventy two hours. The event as defined in the contract is therefore not the same as the weather event: a four day tempest amounts to two events in the case of reinsurance. It obviously also differs from its definition in direct insurance, where each affected policy amounts to an event.
Concerning vehicles, an accident involving several policy holders of the company will in general be considered as a single event from the point of view of reinsurance, whereas from the point of view of direct insurance, there are in general as many events as policy holders involved.
In the general case, an event is the aggregate of a set of individual claims affecting the portfolio whose technical nature, date of occurrence and location have common characteristics defined in the treaty. 
(i) Excess-of-Loss Treaty
Excess-of-loss treaties are in all points identical to direct insurance contracts with a deductible and a limited guarantee of the insurer.
For an excess-of-loss treaty aXSb, the reinsurer's compensation is the following function of the cost x of an event falling within the guarantee of the treaty:
Thus, the reinsurer intervenes if the cost of the event is greater than b. He then pays the cost of the event subject to a deductible b, without however paying an amount greater than a. The notation aXSb therefore means that the reinsurer pays at most a on the cost part exceeding b. In reinsurance terminology,
• b is the treaty priority;
• a is the treaty guarantee;
• a + b is the treaty ceiling.
An event whose cost is less than b will not give rise to any payment from the reinsurer. If the total cost of an event exceeds a + b, apart from the first b euros, the cedant will be liable for the entire part of the claim amount exceeding a + b. In a more financial language, an excess-of-loss is similar to buying a call option with a strike price b and to selling a call option with a strike price a + b on the claims.
Contrary to the prevailing situation in proportional reinsurance, the treaty definition does not immediately give the price of the ceded claims. These are technically evaluated with the help of the tools developed in the first part of this book and by observing the past claim experience of the portfolio. They are determined in fine by confronting reinsurance supply and demand.
Let us return to the example of the generic portfolio used in this part. Supposing that each category i is covered by an excess-of-loss treaty a i XSb i for which the notion of event coincides with that of a direct insurance claim, retentions and cessions are presented in Table 2 .7, where Q is the ceded premium rate.
In practice, an excess-of-loss treaty is divided into different layers. For example, a treaty 200XS20 can be divided into four layers: This division makes the placement of the treaties easier as each reinsurer can choose the degree of volatility of his exposure to the company by investing more or less in each layer, the highest obviously being the most "risky" ones since they pertain to the tails of distributions. They only involve payments when a very high priority is crossed.
Two regularly used indicators to characterize an excess-of-loss layer are the rate on line and the pay-back. They are defined as follows: rate on line = layer price layer guarantee = 1 pay back .
Thus, the pay back is the number of years the reinsurer takes to collect the premiums needed to finance the payment of the guarantee. The excess-of-loss layers can be classified according to their rate on line or pay back (see Table 2 .8).
The working layers, which are the lowest ones, are bound to come into play very often, whereas catastrophe layers are rarely affected.
An important point is that most of the excess-of-loss treaties include a maximum annual liability for reinsurers, independent from the number of events that have occurred. In practice, this annual limit is expressed as a multiple of the guarantee and is called the number of reinstatements. Thus, for a treaty 20XS10 with 2 reinstatements, the reinsurers' maximum annual liability is limited to 60 (= 3 × 20). The premium initially payed by the cedant only corresponds to a liability equal to a guarantee. As the occurrence of events depletes this guarantee, the cedant pays additional premiums, called reinstatement premiums, to reinstate its guarantee, possibly until the annual guarantee limit is totally consumed away.
Our last remark is about layer indexation. To take into account the fact that claims take time to be settled, several treaties provide an indexation of the guarantee and priority on the relevant cost index (e.g.: construction cost) so that the risk of inflation is borne by the cedant and not by the reinsurer. In this case, it is necessary to ensure that the index does not increase more quickly for the upper layers of a treaty, for otherwise "coverage holes" appear between the layers.
(ii) Annual Aggregate Loss
The annual aggregate loss is an excess-of-loss for which the event is the insurer's total annual claim amount. Thus, the cessions and retentions for an aggregate U XST are presented in Table 2 .9. Naturally, the annual aggregate loss may cover only one or many branches of the company. 
The stop-loss is identical to the aggregate loss, the only difference being that the guarantee and the priority are not expressed in figures but in percentages of gross premiums. Thus, for a stop-loss treaty U %XLT %, cessions and retentions are presented in Table 2 .10.
In general, reinsurance treaties are underwritten before the turnover of the accounting period is known. Therefore the stop-loss has an advantage over the aggregate loss since a guarantee and priority adapted to the volume of business can be obtained by this indexation technique.
In terms of risk sharing, an aggregate or stop-loss type coverage is optimal. They are, however, relatively rarely implemented except for some categories (hail) and small size companies with very volatile claim amounts. Indeed, they lead to an important moral hazard. The cedant no longer has a direct interest in managing its loss ratio in the most efficient manner once the priority is reached since only the reinsurer profits from it. This is why the excess-of-loss is in practice the most widely used coverage. It leads to a risk sharing that is, from the cedant's point of view, preferable to those allowing proportional reinsurance, while preserving its incitement to manage its claims as best as it can.
In practice, reinsurance plans are a mixture of several types of treaties, typically an excess-of-loss for the main categories, a stop-loss for some of them, and also for the smallest companies a quota-share that applies, if not to the entire portfolio, at least to several classes of it. In this case, the order in which proportional and nonproportional reinsurance are applied to the gross claims is obviously not neutral.
Example Within a given category, the coverage of a company is provided by a quota-share, contributing 50 % of it, and by an excess-of-loss 10XS5. The quota share comes into play before the excess in case 1, and after it in case 2. In case 1, a gross claim must be greater than 30 to rise above the excess ceiling, whereas in case 2 this happens whenever the claim reaches 15.
To illustrate the computation of the premium of an excess-of-loss treaty aXSb, we return to the two examples of Sect. 1.2.5.
(1) Suppose first that X follows an exponential law. Then the pure premium of an excess-of-loss treaty aXSb is given by It can therefore be clearly seen that the pure premium of an excess-of-loss treaty aXSb increases with the guarantee a of the treaty. This pure premium also increases with the priority of the treaty if λa is such that e λa ≤ 1 + 2aλ, otherwise the pure premium decreases. In practice, e λa ≥ 1 + 2aλ, and the premium therefore decreases with the priority b. It can be easily seen that this pure premium increases with the guarantee a of the treaty since
However, this premium decreases with the priority b since
Indeed, this derivative is negative since a distribution function is an increasing function.
